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THE CUSPIDAL GROUP 
AND SPECIAL VALUES OF L-FUNCTIONS 

BY 
GLENN STEVENSl 

ABSTRACT. The structure of the cuspidal divisor class group is investigated by 
relating this structure to arithmetic properties of special values of L-functions of 
weight two Eisenstein series. A new proof of a theorem of Kubert (Proposition 3.1) 
concerning the group of modular units is derived as a consequence of the method. 
The key lemma is a nonvanishing result (Theorem 2.1) for values of the" L-function" 
attached to a one-dimensional cohomology class over the relevant-congruence sub-
group. Proposition 4.7 provides data regarding Eisenstein series and associated 
subgroups of the cuspidal divisor class group which the author hopes will simplify 
future calculations in the cuspidal group. 

Let Xr/ Q be Shimura's canonical model over Q of the complete modular curve 
associated to the congruence group f k SL2(Z), where f is one of the groups f(N), 
fl(N), or fo(N). The cuspidal divisor class group Cr k Pico(Xr ) plays an im-
portant role in the theory of the arithmetic of the modular curve X r, for example in 
Mazur's proof of Ogg's conjecture [13] and in the proof by Mazur and Wiles of the 
main conjecture of Iwasawa theory [14]. Subgroups of the cuspidal group lead to the 
isogenies used in the Eisenstein descent theory. These subgroups can also be used to 
give congruence formulas for the universal special values of the L-function of Xr 
which are compatible with the descent theoretic results and the conjecture of Birch 
and Swinnerton-Dyer [3,5,12, 19]. 

The structure of the cuspidal group has been investigated extensively by Kubert 
and Lang [6, 7]. Their approach is based on a study of the group of modular units. 

In the present paper we propose another approach based on a study of integrality 
and divisibility properties of special values of L-functions of weight two Eisenstein 
series. Typically such an L-function is a product of two Dirichlet L-functions whose 
special values are closely related to the arithmetic of cyclotomic fields. Using a 
theorem of L. Washington [20] on the non-p-part of the class number in cyclotomic 
Zp-extensions we describe a method of computing subgroups of Cr which should be 
useful for the descent theory. The corresponding congruence formulas for universal 
special values of L-functions are an immediate consequence of the method. 

Since Eisenstein series occur in many settings our point of view offers the prospect 
of generalization. Such a generalization to Hilbert-Blumenthal varieties may be an 
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important step towards extending the Mazur-Wiles theorem to totally real number 
fields. 

Our motivating observation is that the logarithmic derivative of a modular unit 
over r is a weight two Eisenstein series over r with integral periods on the affine 
curve Yr = Xr \ {cusps} (§1). Thus the problem of finding all modular units is 
closely related to finding the group of periods on Yr of a weight two Eisenstein 
series E over r. Our starting point is Theorem 1.3 which determines the group of 
periods of E in terms of the special values at s = 0 and s = 1 of the L-function of E 
and its twists. 

By relating these values to units in cyclotomic fields we give another proof of a 
theorem of Kubert (Proposition 3.1) which leads to a description of the group of 
modular units of all levels in terms of the Siegel units and square roots of certain 
products of Siegel units. Kubert's original proof [7] was for odd level only, though he 
has since modified the proof to work for arbitrary level [8]. 

The cuspidal group Cr is generated by certain subgroups Cr(E) associated to 
weight two Eisenstein series E over r. In case E is an eigenfunction for the Hecke 
operators, the group Cr(E) is preserved by the action of the Galois group and the 
Hecke algegra. Thus Cr(E) is a natural group for the purpose of descent. Moreover, 
the corresponding congruence formulas for the universal special values of the 
L-function of Xr are given in terms of the special values of the L-function of E. 

In §4 we introduce a natural basis of eigenforms for the space of weight two 
Eisenstein series over r = r1(N). For each E in this basis we describe Cr(E) and 
the associated congruence formula. We have attempted to arrange this section to 
facilitate similar calculations for other eigenforms. 

§4 closes with two examples on Xo(N). The methods described here determine 
Cro(N)(E) only modulo its intersection with the Shimura group. Since the Shimura 
group is easy to describe as a Galois module, it is often possible to show this 
intersection is trivial. In the general case we would need to make a study of the 
explicit formulas for the periods of E in terms of generalized Dedekind sums. 

NOTATION. For x E C we write e(x) for e 27Tix• 

The Bernoulli functions Bl'~: R --+ R are defined by 

B2(X) = (x _[X])2 -(x -[x]) + t, 
where [x] is the largest integer less than or equal to x. If X is a primitive Dirichlet 
character of conductor m, the generalized Bernoulli functions associated to X are: 

m-l (x+a) 
B2•x(x) = m L x(a)B2 ~ . 

a=O 

We will write B1(X) for B1.X(O) and B2(X) for B2.X<O). 
If R is a sub ring of C we will write R[X] for the ring generated over R by the 

values of X. If 1: is a set of Dirichlet characters, then R[1:] = R[xlx E 1:]. If M is an 
R-submodule of C, then we will write M[X] (resp. M[1:]) for M· R[X] (resp. 
M· R[1:]). 

The Gauss sum of X is 'T(X) = L:,.:J x(a)e(a/m). 
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1. The cuspidal group. Let N > 0 be a positive integer and f ~ SL2(Z) be one of 
the groups f(N), f1(N), or fo(N). The complete modular curve Xr is the union of 
the affine modular curve Yr = f \ St and the finite set of cusps, cusps(f) = 
f \ pl(Q). The curve Xr has a canonical nonsingular projective model defined over 
Q [18, Chapter 6]. In this model the set of cusps is invariant under the action of the 
Galois group Gal(Q/Q). Each cusp is rational over Q(e(I/N)), and the 00 cusp is 
Q-rational. 

Let U(f) denote the multiplicative group of modular units over f. Thus an 
element of U(f) is a modular function g over f without zeros or poles on ~. The 
group U(f) may be identified with the group of meromorphic functions on Xr 
whose divisors are supported on the cusps. Let ~r (resp. ~~) denote the group of 
divisors (resp. degree zero divisors) supported on cusps(f) and for g E U(f) let 
divr(g) E ~~ be the divisor of the associated meromorphic function on X r. The 
cuspidal group on Xr is the group 

Cr = !i)~/divr(U(r)). 

We will view Cr as a subgroup of Pico(Xr ). A theorem of Manin and Drinfeld [2, 
11] asserts that C r is a finite group. 

Let tff r denote the space of weight two Eisenstein series over f. If E E tff r, then 
E(z) dz is a f-invariant differential form on~. Let wr(E) denote the I-form on Xr 
whose pull-back to ~ is E{z) dz. Then wr{E) is regular on Yr but may have simple 
poles at the cusps. Integration of wr(E) on Yr induces a homomorphism 

f wr<E) 
(1.1) H1(Y6 Z) -+ C 

whose image, &Jr{E), is the group of periods of wr(E) on Yr. The residual divisor 
of wr{E) on Xr is the divisor 

(1.2) 
XECUSpS(r) 

where rr.E(X) = 27Ti . Res x wr(E). This is a divisor of degree zero with complex 
coefficients. Let ~r(E) be the Z-submodule of C generated by the coefficients of 
6r {E). Since rr.E(X) is the integral of wr(E) over a parabolic cycle about x we have 
~r{E) ~ &Jr{E). 

A simple calculation shows that if g E U(f), then E(z) = (27Ti)-lg'(Z)/g(z) is a 
weight two modular form over f. In fact E is an Eisenstein series. This can be seen 
by verifying directly that E is orthogonal to the space of cusp forms under the 
Petersson inner product (or see [19, §2.4]). The invariance of g(z) under f is 
equivalent to &Jr(E) ~ Z. If tff r(Z) is the lattice of Eisenstein series E E tff r for 
which &J r( E) ~ Z, then logarithmic differentiation gives an isomorphism 

(2'1Ti)- l dlog/dz 
U(r)/C* _ ) tffr(Z), 

Moreover, if E(z) = (27Ti)-lg'(Z)/g(z), then 6r (E) = divr(g). So the cuspidal 
group can be described using the Eisenstein series: 

Cr = ~V8r( tffr(Z)). 
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For an arbitrary Z-submodule, M, of C let tffr(M) = {E E tffr l9"r(E) ~ M}. 
For E E tffr letAr(E) = 9"r(E)jfllr (E). 

PROPOSITION 1.1. (a) For a Z-module M ~ C the natural map tff r(Z) ® z M --+ 
tff r ( M) is an isomorphism 

(b) ForE E tffr,Ar(E) is finite. 

PROOF. (a) It suffices to prove this when M = C. By the Manin-Drinfeld theorem 
the image of 8r : tff r(Z) --+ Ed~ has finite index in Ed~. Thus extending scalars gives an 
isomorphism 8r ® 1: tffr(Z) ®zC --+ Ed~ ®zc. The homomorphism 8r : tffr(C)--+ 
Ed~ ® z C is also an isomorphism. Hence the commutativity of the diagram 

proves (a). 
(b) If 0 =1= Eo E tffr(Z), then (0) =1= fIlr(Eo) ~ Z. Hence Q. fIlr(Eo) = Q ~ 

9"r(Eo). By (a) it follows that 9"r(E) ~ Q . fIlr(E) for any E E tffr. Since fIlr(E), 
9"r(E) are finitely generated, (b) follows. 0 

For a prime I not dividing N let T[ be the usual Heeke correspondence on Xr and 
for a E (Z/NZ)* let (a) be the associated Nebentypus automorphism of Xr [18, 
19]. These induce operators on the lattice tff r(Z) of integral Eisenstein series and on 
Pico(Xr ) preserving the cuspidal group Cr. 

If E1, E2 are primitive Dirichet characters defined modulo Nand E E tff r satisfies 

EI~ = (E1(1) + IE2U»)E 

for all 1+ N, then we say E has signature (E1' E2). In this case E has Nebentypus 
character E1E2• 

Fix an isomorphism 

(Z/NZ)* --+ Gal(Q(e(l/N»/Q) 

a ...... ('Ta: e(l/N) ...... e(a/N»). 

THEOREM 1.2. (a) To every E E tff r there is associated a canonical subgroup 
Cr(E) ~ Cr and a canonical perfect pairing 

Cr(E) X Ar(E) --+ Q/Z. 

(b) If E E tffdQ[E1, E2]) has signature (E1' E2), then 
(i) 9"r(E), fIlr(E) are fractional ideals in Q[E1' E2]. Hence Ar(E) and by duality 

Cr(E) inherit natural structures ofZ[E1' E2]-modules. 
(ii) Cr(E) is preserved by the action of Gal(Q(e(l/N))/Q), T[ (l + N) and (a) 

(a E (Z/NZ)*). In terms of the Z[E1' E2]-module structure: 

'Ta acts as E1 (a); 

~ actsas E1U) + le2(l); 
(a) actsas E1E2(a). 
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PROOF. We will define Cr(E) and prove (a). We refer the reader to [19, §3.2] for 
the proof of (b). 

For E E ~r we have 8r (E) E ~~ ® ~r(E). The map 

Hom{ ~r(E); z) -+ ~~ 

</> ...... (1 ® </>)( 8r (E)) 

is one-one. Let ~r(E) be the image. Then Cr(E) is the image of ~r(E) in Cr 
under the natural map ~~ -+ Cr. 

To see the pairing we observe that because of Proposition 1.1(b), any </> E 

Hom(~r(E); Z) extends uniquely to a map </>: Y'r(E) -+ Q. This gives us a natural 
pairing 

~r(E) X Y'r(E) -+ Q. 

Since (1 ® </»(8 r (E» E ~r(E) is principal if and only if </>(Y'r(E» ~ Z this 
induces a perfect pairing 

To understand the groups Cr(E) for E E ~r we must therefore have a satisfac-
tory way of understanding the groups Y'r(E), ~r(E). The aim of the next theorem 
is to describe these groups in terms of special values of L-functions attached to E. 

Let E E ~ rand y E SL2(Z). Then Ely has a Fourier expansion of the form 

(l.3) (ElY) = ao(EIY) + L an(Ely)e(nzIN) 
n;;.l 

forz E~. The constant termao(Ely)depends only on the f-orbit ofy ·;00 E pl(Q). 
It is related to the L-series of Ely by the formula [19,2.2.1] 

(1.4) ao(EIY) = -L(Ely,O). 

Let X be a primitive Dirichlet character whose conductor mx is prime to N. The 
Dirichlet series 

(1.5) X(N)N S L an(E)x(n)n- S 

n;;.l 

converges absolutely for Re( s) > 2 and extends to a meromorphic function on the 
complex plane with a possible simple pole at s = 2. Let L(E, X, s) denote this 
analytic continuation. If X is the trivial character we write simply L(E, s). As we 
will see in the next section (Lemma 2.2), the" special value" 

(l.6) A(E 1) ~n T(X)L(E, X, 1) 
, X, 27T; 

is in 9"r(E)[X, ljm x] if X is nontrivial. 
If m is an odd prime, let Xm = (. 1m) be the quadratic character of conductor m. 

For a primitive nonquadratic Dirichlet character X whose conductor is a power of m 
let 

(l.7) A ±(E, X, 1) = t(A(E, X, 1) ± A(E, XX m , 1)). 
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In the following S will denote a set of positive primes satisfying 

(1.8) 
(a) m == 3 (mod4), (m, N) = 1 for all mE S; 
(b) S intersects every arithmetic progression of the 

form {-I + Nkrlr E Z}. 
For such a set S, let Is denote the set of primitive Dirichlet characters X such that 
m xES and X is not quadratic. 

THEOREM 1.3. Let E E t! r. 
(a) For x E cusps(f) 

rr,E{X) = er{X)' ao{Elyx), 
where er(x) is the ramification index or x over the j-line X(l), and Yx E SL2(Z) is 
chosen arbitrarily so that Yx . ioo is in the f-orbit ofPI(Q) representing x. 

(b) Suppose f is one of the groups fl(N), or f(N). Let M ~ C be a finitely 
generated Z-submodule of C. Let S be a set of primes satisfying (1.8). Then E E t! r( M) 
if and only if 

(i)9l'r(E) ~ M; and 
(ii)for every X E Is 

A ±(E, X, 1) E M [X, l/m x]' 

PROOF. (a) Let x E cusps(f), e = er(x) and y = Yx- The matrices a = y(~ Dy-I 
and (-6 _~) generate the parabolic subgroup of f stabilizing y . ioo. Thus 

rr,E(X) = jazo E{z) dz 
Zo 

for every Zo E ~. Replacing Zo by yzo we obtain 

f y(l e)z jzo+e 
rr,E{X) = 01 0 E{z) dz = (EIY){z) dz 

yzo Zo 

1 jZo+eN = N (Ely){z)dz 
Zo 

1 = N(eN. ao{EIY)) (by (1.3)) 

= er{x) . ao{ElyJ· 
The proof of (b) is given in the next section. 

2. Special values of L-functions. As in §1, N is a positive integer and f is one of 
the groups, f(N), fl(N) or fo(N). 

Let X be a nontrivial primitive Dirichlet character of conductor m with (m, N) = 1. 
If x, yEP I(Q) are f -equivalent we will write {x, y h E HI (X 6 Z) for the homol-
ogy class represented by the oriented geodesic in ~ joining x to y. The universal 
special value A(X) E HI(Xr ; Z[X)) of the L-function of Xr twisted by X is defined 
by 

(2.1) m-l {N } 
A{X) = L x{Na) x,,: . 

a=O r 
(a, m)=l 
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Here x E 1?1(Q) may be chosen arbitrarily in the f-orbit of N 1m. Since the rational 
numbers Nalm, (a, m) = 1, are f-equivalent, this expression is well defined. In case 
m == ± 1 (mod N) we may choose x = o. 

In case the conductor of X is m = pn for an odd prime p == 3 (mod 4) and satisfies 
the congruence m == ± 1 (mod N) we let 

(2.2) 

Hence A(X) = A+(X) + A-<X). 

m-l 

L 
a=O 

Xp(Na)= ±l 

_ {Na} x(Na) 0, ---;:;;- r. 

If A is a Z[x1-module and cp: H1(X6 Z) -+ A is a cohomology class on Xr , the 
special value of the L-function of cp twisted by X is 

(2.3) A(cp, x) = (cp ® l)(A(X)). 

We will also let 

(2.4) 

If S is a set of primes satisfying (1.8) let Z[ I s 1 denote the ring generated over Z 
by the values of the characters X E Is. Let I1 (resp. Is) be the set of X E Is such 
that X(-l) = 1 (resp. X(-l) = -1). 

THEOREM 2.1. Suppose f is one of f(N) or f1(N). Let S be a set of primes 
satisfying (1.8), and A be a Z[I s1-module. Let cp: H1(X6 Z) -+ A be a cohomology 
class satisfying A+(cp, X) = A-<cp, X) = o for every X E I1. Then cp = o. 

REMARK. In case the kernel of multiplication by 2 in A is zero, the condition 
A+(cp, X) = A_(cp, X) = 0 for all X E I1 is equivalent to A(cp, X) = 0 for all 
X E I s. This follows from the equalities 

with X E I1 of conductor m. 
PROOF OF THEOREM 2.1. Fix a prime idealp ~ Z[Is1 and let A~ be the localiza-

tion of A at p. Let cp~ be the composition of cp with the localization map A -+ Ap-
If y E f, then the homology class {x, yx h is independent of x E 1?1(Q). Thus 

the map 

f -+ H1(Xr: Z) 
y>-+{x,yxh 

is a surjective homomorphism which contains the parabolic elements in its kernel. 
Define <P~: f -+ A~ by <P~(y) = cp~({x, yxh). 

We will prove <P~ = 0 in three steps. 
(1) If m E S, m == -1 (mod N 2 ) and p + «m - 1)/2), then cp~({o, Nalm} d = 0 

whenever (m, Na) = 1. 
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Let a E Z such that (a, m) = 1. A standard character calculation shows 

cpp({O, :a} r) = m ~ 1 x~/(Na)A±(cpp,X) 
2 +--m-I E: cpp( {a, ~} r)' 

Xm(Nk)= ±l 

where the sum is over nontrivial characters X on (Z/mZ)* such that X(-I) = 1 and 
the ± sign is chosen according as Xm(Na) = ± 1. By the hypotheses of the theorem 
the terms A icpp, X) are zero. It follows that cpp({O, Na/m}) depends only on the 
square class of a modulo m. We may therefore assume a = ± 1, the choice of sign 
being as above. 

There is a k E Z such that m = -1 + N 2k. Let {3 = (±1k ?) E f. Then {3 . (0) = 
(0) and {3. C+N) = ±N/m. Hence 

cpp( {a, :a} J = cpp( {a, ±:} r) = cpp({{3 ·(0), {3 '(+N)h) 

= cpp({O, +Nh) = fPp((~ +IN)) = ° 
since (~ ± n E f is parabolic. 

(2) fPp vanishes on the subgroup 

f'(N) = {C~c 7) E f(N)la == d == ±I (mod N 2 )} 

of f. 
Let y = (;.c N~) E f'(N). Without loss of generality we may assume that d == 

-1 (mod N 2 ). We may choose k E Z so that m = d + N 2bk is a prime in S 
satisfying the congruence m == -1 (mod 4N 2,p). Then (m - 1)/2 = 

(m + 1)/2 - 1 == -1 (mod,p) so ,p + «m - 1)/2). Thus m satisfies the hypotheses 
of (1). 

Let,8 = (1k?) E f. Then 

fPp ( y) = CPp ( { 0, 7} r) = CPp ( { ,8 . (0), ,8 . ( 7 )} r) 
=cPp({o, ~})=o; 

the last equality being a consequence of (1). 
(3) fPp = 0. 
LEMMA (FRICKE, WOHLFAHRT). Let N' be a positive integer divisible by N. Then 

f(N) is generated by f(N') and the parabolic elements off(N). 0 

As a consequence we see that f is generated by f'(N) and the parabolic elements 
of f. If f = f(N), then this follows from the lemma with N' = N 2• Since f1(N) is 
generated by f( N) and the parabolic element (~ D, the statement is valid for 
f = f1(N) as well. 
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Since cI>1> vanishes on f'(N) and on parabolic elements of f, (3) follows. 
The homomorphism f ~ H 1(X6 Z) is surjective. Therefore CPI> = O. Since this is 

true for all p we have cP = O. 0 
We now return to the proof of Theorem 1.3(b). Let E E tffr and let [It = [ltr(E), 

9 = 9 r(E). Integration of wr(E) on Yr induces a map 

H1(Y6 Z) ~ 91[1t = Ar(E). 

Since the parabolic classes are contained in the kernel, this map factors through a 
homomorphism 

(2.5) 

We will refer to this as the parabolic cohomology class associated to E. 
If X is a Dirichlet character of conductor m, let CPE,X be the composition 

(2.6) CPE.x: H1(X6 Z) ~ Ar(E) ~ 9[X, 1Im]j[lt[x, 11m]. 

LEMMA 2.2. Let p == 3 (mod 4) be an odd prime and X =fo 1 be an even primitive 
Dirichlet character of conductor m = pn. Suppose m == ± 1 (mod N). Then 

(1) A ±(E, X, 1) E 9[X, 11m]; and 
(2) A ±( CPE,x' X) == A iE, x, 1) (mod [It[X, 11m]). 

PROOF. We will use Schoeneberg's cocycle II E : SL 2(Z) ~ C [17, 19]. The basic 
properties are: 

(a) IIda,B) = IIE(a) + II E1,,(.8) for a, f3 E SL 2(Z). 
(b) If Y E f, then 

II E ( y) = IYZO E (z ) dz 
"0 

for arbitrary Zo E ~. 

(c) If a = (~~) E SL2(Z) and c "* 0, then 

a d (a) IIE(a) = -ao(E) + -ao(Ela) + DE - , 
C C C 

where 

The term DE(alc) is usually expressed in terms of generalized Dedekind sums but 
we will not need these expressions here. The formula 

(2.7) m-l (N ) 
A(E, X, 1) = L x(Na)DE :: 

a=l 

is an easy consequence of (c) (see [19,3.1.1]). 
Because of (b) we have 

CPE({x,yxh) == IIE(y) (mod [It) 
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for every x E pl(Q) and Y E r. If a E Z and (a, m) = 1, let Ya E r be any element 
for which Ya . (0) = (Nalm). So Ya = (~a' N~) for some choice of a', bE Z. Let W = 

(~ -~). Then Yaw = (~a -N~') and by (c) 

Na Na' (Na) IIE(Yaw) = -ao(E) - -ao(Elw) + DE - . m m m 
Since N . ao(E), Nao(Elw) E 9l'by Theorem 1.3(a), we see 

On the other hand, by (a), (c) we have 

IIE(Yaw) = IIE(ya) + IIE(w), 

We therefore have the congruence 

Calculating modulo 9l'[X, 11m j we find 
m-l 

L 
a~O 

Xp(Na)~ ±l 

L X(Na)DE( ~) (since X is nontrivial) 
Xp(Na)~±l 

1 m-l (N ) 
= 2" L x(Na)(l ± Xp(Na))DE ma = A ±(E, X, 1). 

a~O 
(a. m)~l 

This proves both (1) and (2) of Lemma 2.2. 0 
PROOF OF THEOREM 1.3(b). There is a number field F such that for any other 

number field K linearly disjoint from F the natural map M ® K ~ MK is an 
isomorphism. Let d F be the discriminant of F and 

S' = {m E SI(dF , (m - 1)/2) = 1}. 

Then S' satisfies (1.8) and if X E X S" then Q[xj is linearly disjoint from F. 
Letp be prime and Mp ~ C be the localization of M atp. Let Ap = CIMp[Xs,j. 

Since 9l'r(E) ~ M, integration of w(E) induces a parabolic cohomology class Cpp: 
H1(X6 Z) ~ Ap' By hypothesis AiE, X, 1) E Mp[Xs,j for every X E X~,with mx =F 
p. By Lemma 2.2 we have A±( Cpp' X) = 0 for these X. Then by Theorem 2.1, Cpp = O. 
Hence &r(E) ~ Mp[Xs,j. Since this is true for every prime p we have &r(E) ~ 
M[Xs-l. On the other hand because of Proposition 1.1(b), &r(E) ~ 
Q . 9l'r(E) ~ Q . M. Thus 

&r(E) ~ Q. M () M[X s']' 

Since Q[Xs,j () F = Q, we have Q. M () M[Xs,j = M. Therefore E E tfr(M) as 
claimed. 0 
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3. Modular units. Let U = UN>o U(f(N» be the group of modular units of all 
levels. For each positive integer N let UN be the subgroup of U consisting of the units 
g E U such that gm E U(f(N» for some m. 

A theorem of Kubert [7, 8] gives a complete description of UN/C* by describing 
both its elements and its structure as an SL2(Z)-module. In this section we recall 
Kubert's theorem and use Theorem 1.3 to give another proof. 

For N > 0 let DN be the free abelian group generated by the symbols 

x E ~ Z 2/Z 2 \ {O} . 

Let D = inj lim D N • Let R ~ D be the subgroup of "distribution relations" gener-
ated by the elements 

(3.1) { 
L (Y) -(x) 

rn(x) = ny~x (Y) 
ny=(O) 

y .. O 

if x#' 0, 

if x = 0, 

where n is a positive integer and x E Q2/Z2. Let U = D/R. The universal (punc-
tured) distribution is the natural map 

(3.2) 

For a positive integer N let U N ~ U be the image of D N • 

The natural right action of SL2(Z) on Q2/Z2\ {O} defined by 

(3.3) y = (~ ~): x = (Xl' X 2 ) - xy = (aXI + CX 2 , bX I + dx 2 ) 

extends to an action on D leaving R invariant. The induced action of SL2(Z) on U 
preserves the subgroup UN' For u E U and y E SL2(Z) we will write y*u for the 
result of applying y to u. Let U + be the subgroup of even elements of U, that is, the 
elements u E U for which (-1)* u = u. Since ( -1) is in the center of SL2 (Z), U + is an 
SL2 (Z)-submodule of U. Let U:V = UN n U +. 

For x = (Xl' X 2 ) E Q2/Z2\ {O} define the functionjx(z) on ~ by its Fourier 
expansion: 

(3.4) jx(z) = e(tB2(xl )Z) TI (1 - e(kz + x2». 
k=Xl (modZ) 

k>O 

Thenjx(z) has no poles or zeros on ~. Let I N be the multiplicative group generated 
by C* and the functionsjx(z), x E 1.iZ 2/Z 2 \ {O}, and let J = UN>OJN • It is not 
difficult to verify the distribution relations: 

(3.5) 

for n > 0 and x E Q2/Z2 \ {O}. Hence the homomorphism D -+ J defined by 
x - jx(z) factors through the universal distribution to give a homomorphism 
j: U -+ J. Let J; be the subgroup of I N generated by C* andj(U /V). 
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THEOREM (KUBERT). (1) UN = J;. 
(2) The homomorphism QJ~ ~ UN/C*, induced by i, is an isomorphism of SL2(Z)-

modules. 

We will restrict our attention to what appears to be the most difficult part of the 
proof, namely the inclusion J; ~ UN' For the rest of the proof we refer the reader to 
[7 or 6, Chapter 4). 

We will prove J; ~ UN by verifying the corresponding statement about weight 
two Eisenstein series. 

Let C(Z) = U N>O C r(N)(Z), Logarithmic differentiation gives an isomorphism 

(3.6) 
(211i)- ldlog/dz 

U/C* _ I C(Z). 

The image of UN/C* is C(Z) n C r(N)' 
For x = (Xl' X 2 ) E Q2/Z2 \ {O}, let Ix be the function on ~ defined by 

(3.7) Ix(z) = -21 .i~(z)/ix(z) 
'TTl 

1 00 

= 4B2 (Xl) - L k· L e{m(kz + X 2 »· 
k=x j (modZ) m=l 

kEQ+ 

Let LN be the additive group generated by the functions lx, x E ~Z2/Z2 \ {O}. 
Define I: QJ N ~ LN to be the composition 

and let Lt = I(QJ ~). 
The inclusion J; ~ UN is an immediate consequence of the following proposition. 

Moreover, we see that the functions in J; are modular of level N' = 4 . lcm(6, N 2 ). 

PROPOSITION 3.1. (1) Lt ~ C r(N); 
(2) Lt ~ Cr(N')(Z), where N' = 4 . lcm(6, N 2 ). 

PROOF. (1) For x E ~Z2/Z2\ {O} let 

(3.8) cJ>x = Ix + I_x, 7J x = ix . i-x' 
A comparison of Fourier expansions shows that 7J x is a nonzero multiple of the 
Siegel unit gx [6, p. 29). Hence for Y E SL2(Z), 

7Jx(Yz) = c· 7JXY(z) 
for a root of unity c. Taking logarithmic derivatives we find 

(3.9) cJ>xlY = cJ>xy· 
In case y E feN) this equality says cJ>xlY = cJ>x' Thus cJ>x E Cr(N)' 

For E E Lt there is a u E QJ~ such that I(u) = E. Then 2· E = I(u + (-l)*u) is 
a Z-linear combination of the functions cJ>x, x E ~ Z 2/Z 2 \ {O}. In particular, 
E E Cr(N)' 

(2) Let f = feN'), N' = 4 . lcm(6, N 2 ). Let E E Lt. By (1) we have E E Cr. We 
will use Theorem 1.3 to show E E C r(Z), 
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We begin by proving fltr(E) ~ Z. By the argument of (1) we know that 2E is a 
Z-linear combination of the Eisenstein series q,x, x E iZ2/Z 2 \ {O}. Hence it 
suffices to prove fltr( q,x) ~ 2Z for each x. Since the ramification index of every cusp 
on Xr over X(l) is N', Theorem 1.3(a) shows that fltr( q,x) is generated as a Z-module 
by the numbers 

If xy = (Xl' x 2 ), then an examination of the Fourier expansion of q,xy reveals 
a o( q,Xy) = tB2(Xl )· Hence N' . a o( q,Xy) E 2Z, as desired. 

To complete the proof we must study the values A(E, X, 1) for E E L~ and 
nontrivial primitive Dirichlet characters X of conductor prime to N. 

We may extend the definition of L(E, X, s) to all E E LN by setting 
00 

Re(s) > 2, 
n=1 

if E = ao(E) + L':=l an(E)e(nz/N). For x = (Xl' X 2) E iZ 2/z 2 \ {O} it is not 
hard to check the equality 

(3.10) LUx, X, s) = -~(s - 1, x, Xl) • Z(s, X, x 2), 

where 

(3.11) 
k=Xl (modZ) 

k>O 
00 

Z(s, x, x 2) = L x(n)e(nx2)n- s . 
n=l 

Since ~ and Z are Hurwitz zeta functions they converge absolutely in the half-plane 
Re( s) > 1 and extend to meromorphic functions with possible simple poles only at 
s = 1. For a general Hurwitz zeta function H(s) represented by a Dirichlet series 
L':=l tJ!(n )n- S with a periodic function tJ! of period A, the residue at s = 1 is given by 

1 A 

A L tJ!(n). 
n=1 

Hence t(s, x, Xl) and Z(s, X, x 2 ) are regular at s = 1. Since any E E LN is a linear 
combination of functions I x we have the following 

LEMMA 3.2. If E E LN and X is a nontrivial primitive Dirichlet character, then the 
Dirichlet series L(E, X, s) converges absolutely for Re(s) > 2 and extends to an entire 
function of sEC. 0 

For E E LN we may define 

A(E 1) = T(X)L(E, X, 1) ,x, 2'TTi 

as we did for Eisenstein series E. 
Let 

(3.12) s = {m prime I m == 3 (mod 4) and m == -1 (mod N) } . 
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Clearly, S satisfies (1.8). For X E I~ of conductor m and E E LN let 

A ±(E, X, 1) = HA{E, X, 1) ± A{E, XX m , 1»). 

For the rest of the proof we will fix a prime m E S and a character X E I ~ of 
conductor m. We will show A ±(E, X, 1) E Z[X, 11m] for E E L~. 

Let K = Q( e (1 IN m» and fix an isomorphism 

(ZlnZ)* -+ G = Gal(KIQ{e{lIN») 
r ~ ('Tr: e{llm) ~ e{r 1m »). 

For a Z[G]-module V let V(X) be the Z[X, 1Im]-submodule of V ® zZ[X, 11m] on 
which the squares in G act via X. Hence 

V{X) = {v E V® Z[x,llm]I'Tr{v) = x{r)vforevery 
quadratic residue r E {ZlmZ)*}. 

Let W be the group of units in K written additively. Thus W is generated by the 
symbols { W }, W E 0 k, subject to the relations { W IW2} = {WI} + {w2 } for WI' W 2 E 

Ok' Of course W is a Z[ G)-module. 
Define 

;\.: W ®zZ[X, 11m] -+ C/Z[x, 11m] 
by 

1 ;\.({w} ® a) = a· -2 .1og{w) (modZ[x,llm]). 
771 

Let 
77: C -+ C/Z[x, 11m] 

be the natural projection. If w = {w} ® a is an element of W ® Z[X, 11m], we write 
w for { w} ® a where w is the complex conjugate of w. 

We need two lemmas. The first is concerned with special values of L-functions. 
The second is about units in cyclotomic fields. 

LEMMA 3.3. For either choice of sign ±, there is a distribution w/: UN -+ W(X) 
such that 

(a) The diagram 
w± x 

W{X) UN -+ 

I ~ p. 
A±(·.x. I ) 'IT 

C/Z[x,lIm] LN -+ C -+ 

is commutative; 
(b) For u E UN' w/«-l)*u) = -w/{u). 

LEMMA 3.4. Ifw E W(X) and w + w = 0, then w = 0. 

Before proving Lemmas 3.3 and 3.4 we show how they can be used to complete 
the proof of the proposition. Let EEL ~ and u E U; such that E = t (u). Set 
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w = w/(u). Since (-l)*u = u we have w + W = 0 by Lemma 3.3(b). Lemma 3.4 
then tells us w = O. By Lemma 3.3(a) 

?T(A +(E, x, 1) = X( w) = O. 
Therefore A iE, x, 1) E Z[x,llm]. By Theorem 1.3(b), E E tfr(Z) as was to be 
shown. 

PROOF OF LEMMA 3.3. To define wx± we need the generalized Bernoulli functions 

(3.13) BI~"'(X) = HBI.",(x) ± BI.",.(x)), 
where tf; is a primitive nonquadratic Dirichlet character of conductor m, x E Q and 
€ = Xm' Also, let B8 tf;) = BI~"'(O). The basic properties we will use are: 

(3.14) 

m-1 

(1) B1±(tf;) = L tf;(a)· aim; 
a=1 

.(a)= ±1 
x 

(2) BI~"'(X) = BI±(tf;) - tf;(-1)· L* tf;(a), 
a=O 

.(a)= +1 

where L* means the terms corresponding to the 
endpoints a = 0, x are weighted by a factor of ~, 

(3) BI~"'(X) = -tf;(-1)· BI~"'(-X), 
(1) and (3) are straightforward calculations and (2) is a consequence of a correspond-
ing formula for BI.",(x) (see [19, 3.6.2]). Note that if x E 7JZ, then L* may be 
replaced by L. Thus (1) and (2) show BI~"'(X) E Z[X, 11m]. 

Let x E *Z 2/Z 2 \ {O}. Since (m, N) = 1 we may represent x by an element 
(Xl' X 2 ) E *Z2 with Xl E 7JZ. For our fixed character X define w ±(x, X) E W ® 
Z[X, 11m] by the formula 

±( ) _ ~1 {1 - e(x2 + aim)} _() ±.(a)( ) 
W x, X - t- ( ) ® X a B I .x Xl' 

a=1 1 - e X 2 + 11m 
For a quadratic residue r E (ZlnZ)* an easy calculation shows 

'Tr { W ±(x, X) = x(r)w ±(x, X)· 
Hence w ±(x, X) E W(X). 

The formulas 
n-1 n (1 - e( x; r + ;)) = (1 - e( X + '::)) 

and 
n-1 " (X+S)_ t- BI~x -n- = x(n)· BI~X(X) 
s=O 

for (n,m)=l show that w±(',X) is a distribution on *Z 2/Z 2 \{O}. Hence 
w ±(., X) induces a homomorphism 

w/: IU N -+ W(X). 
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(a) For x E Q let 

t(s,X)= 
k=x(modZ) 

k>O 

00 

k- s and Z(s, x) = L e(nx )n- s • 

n=l 

These are Hurwitz zeta functions and thus have analytic continuations with possible 
simple poles only at s = 1. In fact if x is not an integer, then Z(s, x) is regular at 
s = 1. Moreover we have the formulas 

Z(l, x) = -log(l - e(x» 

for x E Q \ Z [21, p. 271]. Here log denotes the principal branch of the logarithm. 
For a primitive character I/; of conductor m, the functions t(s, 1/;, Xl) and 

Z(s, 1/;, x2) can be expressed in terms of the functions t(s, .) and Z(s, .) by 

m-l (X + a) t(s, 1/;, Xl) = m- S L I/;(a)t s, ~ 
a=l 

(recall Xl E mZIN) and 
m-l 

r( ~)Z(s, 1/;, x2) = L ~(a)Z( s, X2 + ;). 
a=l 

Thus 

teo, 1/;, Xl) = -Bl,,,,(Xl ), 

(_) ;:;1_ (1-e(x2+al m») 
r I/; Z(l, 1/;, x2) = - a'-:l I/; (a)log 1 - e(x2 + 11m) . 

Hence 

m-l_ 1 (1-e(x 2+al m») 
= -Bl,,,,(Xl ) . a~l I/;(a)· 2?Ti log 1 - e(x2 + 11m) . 

Thus for our fixed character X we have 

m-l 1 
A± (ix , x, 1) = - L x(a) . 2(Bl ,x(X l ) ± e(a)Bl,xE(Xl») 

a=l 

11 (1-e(x2+al m») ·-og 
2?Ti 1 - e(x2 + 11m) 

_ m~l _( ) ±E(a)( )_1_ (1 - e(x2 + aim») 
- - a'-:l X a Bl,x Xl 2?Ti log 1 - e(X2 + 11m) . 

The commutativity of the diagram in (a) is now clear. 



THE CUSPIDAL GROUP AND SPECIAL VALUES OF L-FUNCTIONS 535 

(b) We use property (3) of the functions Bt" to compute 

±(_ ) = m~l {1 - e(-x2 + aim)} ® _( )B±f(a)(_ ) 
w x, X i... 1 _ e(x _ 11m) X a 1,X Xl 

a=l 2 

= ~l {1 - e(-x2 - aim)} ® -(_a)B±f<-a)(_x ) 
a=l 1-e(-x2 -lfm) X 1,X 1 

= _ m~l {1 -e(-x2 - aim)} ® x(a)B±f<a)(x ) 
a=l 1 - e(-x2 - 11m) l,x 1 

=-w±(x,X)' 
This proves (b). 0 

PROOF OF LEMMA 3.4. It is a well-known fact that if w E 0 k is a unit of absolute 
value one, then w is a root of unity. Thus an element w E W satisfying w + w = 0 
must lie in ~or' the subgroup of torsion elements of W. Hence if w E W(X) and 
w + W = 0, then w E W;or(X). We will show ~o.(X) = O. 

Let Nl = lcm(2, N). Then Nl is the number of roots of unity in the Q(e(lIN» 
and ~or ~ /-LN, X /-Lm' where /-L n denotes the group of nth roots of unity. Hence 
~or(X) ~ /-LN,(X) X /-Lm(X), 

Since m acts invertibly on /-Lm(X), we have /-Lm(X) = (0). 
The group of squares in the Galois group G = Gal(KIQ(e(lIN») ~ (ZlmZ)* 

acts at the same time trivially and via X on /-LN,(X). Therefore /-LN,(X) is annihilated 
by x(r) - 1 for every quadratic residue r E (ZlmZ)*. Since X is not quadratic, we 
can choose r so that x(r) is a nontrivial «m - l)12)th root of unity. Hence 
(m - 1)12 annihilates /-LN,(X). But the conditions m == 3 (mod 4) and m == 
-1 (mod N) show that Nl and (m - 1)/2 are relatively prime. Thus /-LN,(X) = O. 0 

4. Subgroups of the cuspidal group. Let N > 0 and f be one of the groups fl(N) 
or fo(N). For a divisor D E !»~ ® C let R(D) be the Z-submodule of C generated 
by the coefficients of D. 

DEFINITION 4.1. The subgroup of Cr associated to D is the image of the 
composition 

Hom(R(D); Z) -+!»~ -+ Cr 
cp ~ cp*(D). 0 

It follows from the definition that for A E C* the subgroup associated to D is equal 
to the subgroup associated to AD. 

The Hecke algebra T = Z[Tf, (a): 1+ N prime, a E (ZINZ)*] and the Galois 
group G = Gal(Q(e(lfN»)lQ) act on !»~. If T[G] acts on D via a character 
"': T[G] -+ C, then the subgroup of Cr associated to D is a cyclic T[G]-submodule of 
Cr. In this section we show how Theorems 1.2 and 1.3 can be used to study this 
module. In case f = fl(N) we will obtain a complete description. When f = fo(N) 
we describe it only modulo the Shimura group. 

For the rest of this section we will write fl for fl(N) and fo for fo(N). 
Over flour method may be summarized in two steps: 
(1) Find a weight two Eisenstein series E over fl with l>r,(E) = D. 
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(2) Use Theorem 1.3 to find fJ'r[(E). 
Then the subgroup of Crt associated to D is Cr[(E) and its structure is described in 
Theorem 1.2. 

The first step is easily accomplished using Proposition 4.7(d). To carry out (2) we 
need some divisibility properties of the values A±(E, X, 1). Proposition 4.7(c) allows 
us to give explicit formulas for A±(E, X, 1) in terms of generalized Bernoulli 
numbers and Euler factors. The following theorem then provides the necessary 
divisibility information. 

THEOREM 4.2. Let e be a primitive Dirichlet character of conductor M and m + M an 
odd prime. Let I+ (resp. I-) be the set of primitive Dirichlet characters X whose 
conductors are powers of m and satisfy X ( -1) = 1 (resp. X ( -1) = -1). Let ll3 + m be a 
prime ofQ and ± be a choice of sign. Then 

(a) For every algebraic integer a and prime number I, there are infinitely many 
X E I ± such that 

ll3 + (1 - ax (t)) ; 
(b) If m == 3 (mod 4) and X E I ± is not quadratic, then 

!B1(ex) E Z[e, X,~]; 
(c)(L. Washington [20]) For all but finitely many X E I -.(-1), !B1( ex) is a ll3-unit. 

PROOF. (a) For any m-power root of unity, t, there is a X E I+ such that x(l) = r 
Since the m-power roots of unity are distinct modulo ll3, there is at most one choice 
of t for which ll31(1 - an. This proves the result for I+. Fix Xo E I-. Then there 
are infinitely many X E I+ such that ll3 + (1 - aXo(l)x(l». Since xox is imprimi-
tive for only finitely many X E I +, the result follows. 

(b) If ex( -1) = 1, then B1(ex) = O. If ex( -1) = -1, then ex( -1)( -l/m) = 1. Thus 
B1 (ex) = B1(ex) + B1(ex(-/m» 

m x-l () a~o x(a)Bl .• ~: . o 
(ajm)=(Mjm) 

In case r = ro we use the natural projection 'fT: X1(N) -+ Xo(N). The Illap 'fT 
induces 'fT*: Pico(Xo(N» -+ Pico(X1(N» whose kernel ~N is known as the Shimura 
group. Let X 2(N) be the maximal unramified extension of Xo(N) intermediate to 'fT. 
By Kummer theory there is a perfect pairing of Gal(Q/Q)-modules 

Aut(X2(N)/Xo(N») X ~N -+ p., 
where p. is the group of roots of unity. Since the Nebentypus automorphisms of 
X1(N) are defined over Q we see that Gal(Q/Q) acts trivially on 
Aut(Xz(N)/Xo(N». Thus ~N is a p.-type group. 

Let D E ~~o ® C be a divisor on which T[G] acts via a character 1/1. Using 
Proposition 4.7(d) we can find E E Cr[ so that ~r[(E) = 'fT*D. Then E E Cro and 
8r (E) = D. Using Theorems 1.3 and 4.2 we can calculatefJ'r (E) as before. Let o [ 

Ct~)(E) = 'fT*(Cro(E»), 

A~j(E) = (fJ'r[(E) +~ro(E»)/~ro(E). 
(4.1) 
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Clearly C}:)(E) ~ Cr1(E). The following proposition will allow us to describe the 
structure of Ct)(E) as a T[G]-module. 

PROPOSITION 4.3. There is a canonical perfect pairing 
C}:)(E) X A~1(E) ~ Q/Z. 

PROOF. C}:)(E) is the image of the composition 
.". 

Hom( ~ro(E); Z) ~ ~~o ~ ~~l ~ Cr1 

cp >-+ cp*(D). 
Since any cp E Hom(~r (E); Z) extends uniquely to a homomorphism o 

cp: (9" r 1 ( E) + ~ r 0 ( E») ~ Q 
we obtain a natural pairing 

(4.2) Hom( ~ro(E); Z) X (9"r1(E) + ~ro(E») ~ Q. 

An element cp E Hom(~ro(E); Z) goes to zero in Cr1 if and only if 7T*(CP*D) = 
Cp*(7T*D) = $*(8 r1(E» is principal if and only if cp(9"r1(E» ~ Z. Thus (4.2) 
induces a perfect pairing 

as desired. D 
Since the Shimura group ~ N can be computed explicitly and since we have an 

exact sequence 
(4.3) 

we can often use our complete knowledge of C}s)(E) to say a good deal about 
Cro(E). 

Before proceeding to a general description of the cusps and the Eisenstein series, 
we illustrate these techniques with a familiar example. 

EXAMPLE 4.4. Let fo = fo(N), where N is prime. There are only two cusps (0) and 
(ioo) on Xo(N), thus Cro is generated by the class of D = (0) - (ioo). The space of 
Eisenstein series over fo is spanned by 

N - 1 00 

E(z) = ~ + L (IN(n)e(nz), 
n=I 

where (IN(n) = Ldln"N!d d. Thus Cr = Cr (E). 
• 0 0 

By Theorem 1.3(a), rr E(ioo) = (N - 1)/24. Since Sr (E) has degree zero we o. 0 

have Sr (E) = (1 - N)/24· D. Thus~r (E) = N241Z. o 0 

The L-function of E is L(E, s) = (1 - N1-s)r(s)r(s - 1). Let S = {m prime I 
m == -1 (mod4N)}. Then S satisfies (1.8). If m E S and X is an odd primitive 
character with conductor a power of m, then 

A(E, X, 1) = HI - X(N»Bl(X)Bl(X) 
and 

A (E 1) = (1 - (N»' B1(X) . B1(X) 
± ,x, X 2 2' 
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Thus Theorems 4.2(b) and 1.3 show fJ'r\(N)(E) k Z + N241 Z. By Theorem 4.2(a), 
(c) we have equality,fJ'r\(N)(E) = Z + N241Z. Thus 

A~;(E) = (Z + N241Z)/Z == Z/n'Z, 

where n' = Num«N - 1)/24). By Proposition 4.3 C}s)(E) == Z/n'Z. o 
We therefore have an exact sequence 

o -+ ~N n Cro -+ Cro -+ Z/n'Z -+ o. 
The group ~N is cyclic of order n = Num«N - 1)/12). Thus ~N == /Ln. Since G acts 
trivially on Cr (Theorem 1.2(b» we have o 

~N n Cro == (0) or (Z/2Z). 

To decide which of these possibilities occurs we can appeal to the explicit formulas 
for the cocycle of E [191 and then use classical congruence formulas modulo 8 for 
Dedekind sums [16, p. 341 to show 

{ 
~ Z + N 2~ 1 Z if N = 1 (mod 8), 

fJ'ro(N)(E) = N - 1 
Z + ~ Z otherwise. 

Thus 

Cro == Z/nZ, n = Num«N - 1)/12). 0 

Fix N > O. We will use Shimura's notation for the cusps on X(N). For a, b E Z 
such that the triple (a, b, N) is relatively prime, [b1r(N) denotes the cusp represented 
by 01./ {3 E Q with 01., {3 * 0 relatively prime integers satisfying 01. = a, {3 = b (mod N). 
The group GL 2(Z/NZ) acts on cusps(f(N» by matrix multiplication. 

Let f be one of the groups f1 = f 1(N), or fo = fo(N). The natural map 
f -+ GL2(Z/NZ) affords an action of f on cusps(f(N». The cusps on Xr may be 
identified with the f-orbits of cusps on X(N). Let [b1r be the cusp represented by 
the f-orbit of [b1r(N). Then we have the relations 

(i) [~lr = [::] r if a = a', b = b' (mod N); 

(4.4) (ii) [~] r = [:'] r if a = a' (mod b); 

(iii) [:] r = [=:1 r· 
If f = fo, (iii) may be strengthened to 

(iii)' [r;] ro = [:1 ro for all r E Z with (r, N) = l. 

The integer d = (b, N) depends only on the cusp [b1r. We will refer to d as the 
"divisor" of [b1r. The ramification index of [b1r over X(l) is given by 

(4.5) 

where t = gcd(d, N/d). 

if f = f 1(N), 

if f = fo(N), 
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Let T(N) = {(O~)N} ~ GL2(Z/NZ) be the standard torus. Then T(N) normal-
izes the image of f in GL2(Z/NZ) and therefore acts on cusps(f). The action is 
given by 

(4.6) 

for r, S E (Z/NZ)*. 
For a divisor d of N let P)r,d ~ P)r be the subgroup of divisors supported on cusps 

with divisor d. The above formulas show that P)r,d is preserved by T(N). 
In Shimura's canonical model for Xr over Q, the cusps are defined over Q( e(l/N». 

If we fix the isomorphism 

(4.7) 
(Z/NZ)* -+ G = Gal{Q{ e{l/N))/Q) 

r >-+ ('Tr : e{l/N) >-+ e{r/N)), 
then the action of G on P)r is given in terms of the action of T(N) by the 
correspondence 

(4.8) 
'Tr - (~ ~-1 t 

[19, Theorem 1.3.1]. Hence the rationality properties of the cusps are summarized by 

(4.9) [a].. {Q{e{d/N)) if f = f{N), 
b r1sratlOnalover Q(e{l/t)) iff = fo{N), 

where d is the divisor of [b]r and t = gcd(d, N /d). 
The action on P)r of the Nebentypus automorphisms (r), r E (Z/NZ)*, and the 

Hecke operators Ii, 1 prime, 1 + N, can also be described in terms of the action of 
T(N) by 

(4.10) (r) - (~ ~-1 t, 
T, - 'T, + I( 1)'T,-1. 

We warn the reader that this action of (r), T, on P)r is dual to what may be 
considered the standard action. This is due to the fact that we are viewing Cr as a 
subgroup of the contravariant object Pico(Xd. For E E tffr define EI(r), EIIi as 
usual by 

EI(r)=EIY fOry=(~ ~)Efo(N)withd=r{modN); 
(4.11) , 1 

EIT, = k~O EI(~ 7)1 + EI(/)I(6 ~). 
Then with our conventions for the action of (r), T, on P)r we have 
(4.12) 8r {EI(r») = (r) ·8r {E), 8r (EIIi) = Ii' 8r{E). 

Fix a character 1/;: T( N) -+ C*. Then there are primitive Dirichlet characters £1' £2 
of conductors N1, N2 divisors of N such that 

(4.13) I/;((~ ~) J = f1{s)£2{r) 

for r, s E (Z/NZ)*. Let £ = £1£2' Then £ need not be primitive. 
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For a divisor d of N let ~r,A 1/;) be the Z[ I/; J-submodule of ~r,d ® Z[ I/; J on which 
T(N) acts via I/; and let ~r( 1/;) = LdIN~r,d( 1/;). In particular, for r E (Z/NZ)*, 
Tr E G acts on ~r(I/;) as £l(r), and (r) acts as £(r). For a prime 1+ N, T, acts as 
£1(1) + 1£2(1)· By (4.4)(iii)~r(I/;) = ° unless£(-l) = 1. 

PROPOSITION 4.5. Let I/; be as above, with £( -1) = 1. 
(a) ~r.d( 1/;) =/:- ° if and only if N21d, Nd(N /d) and, in case f = fo(N), £1 = f 2· 

(b) If ~r.A 1/;) =/:- 0, then it is generated as a Z[ I/; J-module by 

Dr,AI/;) = ~>1(b)f2(a)[:b]r' 
where the sum is over cusps [dbJr with divisor d. 

The proof is a straightforward calculation which uses the primitivity of £1' £2' 0 
For a character 1/;: T(N) --+ C* let ~~(I/;) be the degree zero divisors in ~r(I/;). 

Let Cr ( 1/;) ~ Cr be the image of the composition 

~~( I/; ) ® Z{I/-l Hom(Z[ 1/;]; Z) --+ ~~ --+ Cr 
D ® cP ~ cp*(D). 

In case I/; is nontrivial we have ~~( 1/;) = ~r( 1/;). In this case we let Cr,A 1/;) ~ Cr ( 1/;) 
be the image of ~r.d( 1/;) ® Hom(Z[ I/; J; Z) under the above homomorphism. Then we 
have 

Cr(I/;) = LCr,AI/;), 
diN 

though this sum is usually not direct. 
It is convenient to extend the space Iff of weight two Eisenstein series of all levels 

by adjoining the nonholomorphic Eisenstein series of level one: 
1 1 00 00 

cp(OO)(z) = .( _) + 12 - 2· L k· L e(mkz). 
, 27Tl z - Z k= 1 m= 1 

Let Iff* = Iff E9 C . CPo. A typical element E E Iff* has a Fourier expansion of the form 

(4.14) a_1(E) 00 (kz) 
E(z) = .( _) + ao{E) + L ak(E)e N . 

27Tl Z - Z k=l 

The space Iff* is a module under the weight two action of the group GLi(Q) of 2 X 2 
rational matrices with positive determinant. For a congruence group f ~ SL2 (Z) let 
Iff! = Iffr E9 C . CPo be the space of f-invariants in Iff*. If f = f1(N) or fo(N), then 
the action of T( N) on Iff r extends trivially to an action on Iff!. 

We may extend 8r to a linear map 8r : Iff! --+ ~r ® C by defining 
1 

8r {cpo) = 12 L er{x) ·(x). 
XECUSpS(r) 

We also extend the definition of L(E, X, s) to all E E Iff* by setting 

L(cpo, x, s) = -2L(s, X)L(s - 1, X) 

and extending linearly. We then define A(E, X, 1), A±(E, X, 1) as before (1.6), (1.7). 
The basic properties (1.4), (4.11) of these symbols are preserved by the extension. 
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As before let f1 = f1(N), fo = fo(N) and 1/;: T(N) ~ C* be a character aSSOCi-
ated to E1, E2 of conductors N1, N2 as in (4.13). Assume E = E1E2 is an even character, 
and (N1N2)IN. 

DEFINITION 4.6. (a) 
1 NI -1 N2 -1 

E('I"2) ="2 L L E1(r)E2(s)4>(s/N2.r/Nil; 
r=O s=O 

(b) For d a divisor of N IN1 such that N21d let 

EAI/;) =E(.I .• 2)1 n (1 - E1(P) (p O))n (1 _ £2(P) (1 0)) (d 0) 
pl(N/d) pOl pld pOp' 0 l' 

where the product on the right is multiplication in the group ring C[GLi(Q»). 0 

PROPOSITION 4.7. Let d be a divisor of N IN1 such that N21d and let E = EA 1/;). 
Then 

(a) E E tfft ; EI(r) = E(r)E for r E (ZINZ)*; EIT[ = (E1(1) + ie2(1»E for prime 
1 

1+ N. 
(b) 

( d )l-S 
L ( E, s) = - 'I' ( £1 ) N n (1 - E1 ( P ) P - S ) 

2 pl(N/d) 

X n(l - £2(P)ps-2)L(E1,S)L(E2, s - 1). 
pld 

(c) For a primitive Dirichlet character X of conductor mx with (m x' N) = 1, 

A(E,X,l)= --21E1(mxh(dNN1) n (1- E1X(P)) 
2 pl(N/d) p 

X n(l - £2X(P) )B1(£lX)B1(E2X). 
pld p 

(d) 

8 (E)=E1(-1)Nn(1_~(p))T(E1)~(E2)Ba)'D (I/;) 
r l 4n piN p2 T(~) 2 rl.d' 

where ~ is the primitive Dirichlet character associated to E1£2' and n is the conductor of 
~. 

The proof is given in the next section. 
EXAMPLE 4.8. If f1 = f1(N), dl(N IN1) and N21d, then 

Cr1.A 1/;) == Z[ I/; 1/Num(p) 

as Z[I/;)-modules. The action of T[G) is given in Theorem 1.2. Here Num(Il) is the 
ideal (Il) n Z[ 1/;), and 

Il = M· N n (1 _ Hp)) T(£1)T(E2) B2a), 
4n piN p2 T(~) 
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where M = (I1PI(N/d); p+N1 P)(I1pld; p+N2 P), ~ is the primitive Dirichlet character 
associated to f 1E2 , and n is the conductor of ~. 

PROOF. We have Cr d(l[;) = Cr<E), where E = Ed(I[;). Proposition 4.7(d) shows 
fJ I. 1 

~rJE) = "MZ[I[;]. 
Let S be a set of primes satisfying (1.8). If m E S and X has conductor a power of 

m, then 

( dN1 ) n ( fIX ( p) ) A±(E, X, 1) = -fl(mxh -N 1 -
2 pl(N/d) P 

X n(l _ E1X(P») B1(E1X) B1(f2X) . 
pld P 2 2 

By Theorem 4.2(b) M· A±(E, X, 1) E Z[I[;, X, Ijm x ] for every X E XS'I(-l). For 
m E S and ~ + m a prime ofQ, Theorem 4.2(a), (c) assures the existence of X with 
conductor a power of m such that M· A±(E, X, 1) is a ~-unit. Thus by Theorem 
1.3(b) 

1 1 f3 
gJrl(E) = M Z [ 1[;] + ~rl(E) = M Z [ 1[;] + M Z [ 1[;]. 

Then 
Ar (E) = gJr (E)/~r (E) 

1 1 1 

= (~Z[I[;] + !Z[I[;])/(!Z[I[;]) ~ Z[I[;l/Num(f3) 

and the result follows from Theorem 1.2. 0 
EXAMPLE 4.9 .. Let N = m 2 and a be a primitive Dirichlet character of conductor 

m. Let I[; be the character of T(N) defined by I[;«~~) N) = a(rs). Let p ~ Z[ 1[;] be a 
prime ideal such that a is not the cyclotomic character at p (i.e. there exists n E Z 
such that a( n) ;;E n (mod p ». Then 

Cro(N)(I[;)p ~ (Z[al/Num(f3))p, 

where 

f3 = ~ n(l - ~(l») 'T(ay B2(~)' 
4n 11m /2 'T(~) 

~ is the primitive character associated to a 2 , n is the conductor of ~, and the subscript 
p denotes completion at p. 

PROOF. Let E = Em(l[;) E tffro' Then Cro(l[;) = Cro(E). In the notation of (4.13) 
fl = aI' f2 = a. 

As in Example 4.8, ~r (E) = mf3Z[a] and gJr (E) = Z[a] + ~r (E) = Z[a] + 
1 1 1 

mf3Z[a]. By (4.5)~ro(E) = *~rl(E) = f3. Z[a]. Thus 

A~l(E) = (gJrl(E) +~ro(E»)/~ro(E) 

= (Z[a] + f3Z[a])/f3Z[a] = Z[al/Num(f3). 
Since a is not cyclotomic at p, we have C~N n Cro(E»p = (0). Hence Cro(l[;)p = 

Cro(E)p = C}:l(E)p and the result follows. 0 
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EXAMPLE 4.10. Let C be the p-primary component of the cuspidal group Cro (p2) 

on XO(p2), where p is prime. The cusps are rational over Q(e(l/p» by (4.9). We 
identify (Z/pZ)* and G = Gal(Q(e(l/p»)/Q) as in (4.7). For each integer k with 
o < k < p - 1 let C(k) ~ C be the subgroup on which G acts via w k, where 
w: G ~ Z; is the cyclotomic character defined by w (r) == r (mod p). Then 

{
{a) if k = 1, {p - 1)/2, (p + 1)/2, 

C(k);::= Zp/B2{ W- 2k ) if! < k < (p - 1)/2, 

Zp/pB2{w- 2k ) if (p + 1)/2 < k < p - 1. 

PROOF. We may assume p > 3. Fix k with 0 < k < P - 1, a prime ideal tJ ~ 
Z[e(l/(p - 1»] dividing p, and a primitive Dirichlet character a of conductor p 
such that a == w k (mod tJ). Let 1/;, E, f3 be as in Example 4.9. One easily checks 

Cro{l/;)p;::= C(k). 

As in Example 4.9 we have Cro(l/;) = Cro(E). The order of ~p2 is easily seen to be 
Num«p - 1)/12). Hence Cro(E)p ;::= C}:)(E)p even when a is cyclotomic at tJ. 
Thus 

C(k);::= (Z[al/Num{f3))p 

by Example 4.9. 
To calculate ord p(f3) we use the following facts: 

ord p ( p / n) = {~ 

ord p ((l - Hp)/p2)) = {_~ 

ord p ( T{ a)2/T( {)) = {~ 

We conclude 

if k =1= {p - 1)/2, 
if k = (p - 1) /2, 

if k =1= (p - 1) /2, 
if k = (p - 1)/2, 

if 0 < k < (p - 1)/2, 
if (p - 1) /2 ~ k < P - 1 

if k = 1, (p + 1) /2, 
if k = (p - 1) /2, 
otherwise [9] . 

if k = 1, 

[9], 

if k = (p - 1)/2, {p + 1)/2, 

if! < k < (p - 1) /2, 

if (p + 1)/2 < k < P - 1. 

Since Z[a]p ;::= Zp and B2a) is sent to B2(w- 2k ) under this isomorphism, the result 
follows. 0 
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5. Proof of Proposition 4.7. (a) Using (3.9) one easily sees the equality E«I'<2)ly = 
E«I'<2) for y = (~~) with b == 0 (mod N2 ), c == 0 (mod N1) and a == d == 
± 1 (mod N 1N2 ). Thus, if k is a divisor of N INI such that N2 1k, then 

E«I.<2)1( ~ ~) E 6"t;(N)' 

Since E is a linear combination of terms of this form, we have also E E 6"t;(N)' The 
other two statements follow from corresponding statements for E«I'<2)' or from an 
examination of the L-series in (b). 

(b) A straightforward calculation [19, 3.4.2] using the Fourier expansion of the cf>x 
shows 

The L-series of E is then easily calculated using the identity 

(5.1) 

for f E 6"*. 
(c) 

X 1 - L(flX,1)L(f2X,O). n( E2X(P)) 
pld P 

The result follows from substitution with the identities: 

-wi 
L(f1X,1) = -( __ ) B1(E1X), 

T fIX 

L(f2Xl'O) = -B1(f1X), 

T(X)T(E1) 

( __ ) = X(N1)f1(m X )' 
T Xf1 

(d) For t E Twe have Elt = 1[;(t)-IE. Thus t . 8r (E) = 8r (Elt- 1) = l[;(t)8 r (E). 
1 1 1 

It follows that 8rl(E) may be written as 

(5.2) 

where the sum is over n > 0 satisfying 

(5.3) 

We will calculate the coefficients c( n) using an induction on N. 
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To start the induction suppose N = N1N2. Then E = E(el.e2)j(~2 ?). There is only 
one n satisfying (5.3); hence 

()r1(E) = c(N2 ) • D r1 .N / 1/;), 

where (Theorem 1.3) 

Thus 

(5.4) 

c(N2 ) = rrl.E([~2LJ = erl([~2LJ' ao(EI(~2 n) 
=Nl.ao(EI(~2 n)· 

We will calculate aO(EJ(~2 ?» using the identity aoU) = -LU, 0) for f E tff*. By 
expressing E in terms of the functions <Px and applying (~2 ?) it is easy to derive 
expressions for aO(E!(~2 ?» and L(E!(~2 ?), s). Unfortunately, these expressions 
require a great deal of work to simplify to the desired expressions. We therefore 
prefer the following trick. 

If we compare the coefficient of [a1,lrl' a E Z, on both sides of the equality (5.4) 
we find 

Hence if we let v(N1) = #«Z/NIZ)*), then 

(5.5) 

where 

It therefore suffices to find ao(E'). 
For a primitive Dirichlet character X of conductor n, let 

R(X) = n£\:(a) .(1 a/In) E C[GL;(Q)]. 
a=O 0 

In the group ring C[GL~(Q)l we have the identity 

(5.6) 
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We will calculate L(E', s) using the following lemma. For / E rff* let 

(5.7) D(j, s) = i· f(s)(2'ITfsL(j, s). 

LEMMA 5.1. For / E rff* we have 
(a) D(fl(? -6), s) + D(f,2 - s) = 0; 
(b) For a primitive Dirichlet character X and / E rff ~ (A» A > 0, 

L(jIR(X), s) = r(x)L(j, X, s); 

(c) For primitive Dirichlet characters ~i' ~2 0/ conductors m i , m 2, 

Ea"~2)1(~ (}) = E(~2'~')' 
PROOF. The functional equation in (a) is well known (e.g. [15]). The second 

statement (b) is a standard calculation. A simple calculation from Definition 4.6 
using (3.9) proves (c). 0 

Returning to the calculation of L(E', s) let 

-1 ) ° ' 
where n is the conductor of ~. Then by (5.6) 

(5.8) 

Since 

Lemma 5.1(c) shows 

Hence 

Then (b) of the lemma shows 

L(E2, s) = -r(€1)r(e2)L(ei€2' s)L(ei€l' s - 1) 

= [r(€1)r(e2) n(1- Hp)p-S) ri (1- pi-S)] 
r(~) piN plNl 

'(-ra)L(~, s)r(s -- 1)). 
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Thus D(E2, s) = [ ]. D(E(~,l)' s). Since (~-6) = (P-6)(3?), (a) of the lemma shows 

D(E3, s) = nl-SD(E21(~ -e}), s) = -n1 - SD(E2,2 - s) 

= _n1- S{ 'T(EI~~jf2) TI (1 - ~(p )ps-2) TI (1 - pS-I)} . D(E(~.1l'2 - s) 
'T piN piN, 

= n1 - s { } • D(E(~'I)I(~ -en, s) (a) 

= n1 - s { } . D(E(U)' s) (c). 
Hence L(E3' s) = -{ }t(s)· La, s - 1). If we combine this with (5.8) we find 

L(E', s) = f l ( -1)( N~2 r-s L(E3, s) 

= -f1 (-1)( N~2 r-s 

X {'T(EI~'Tjf2) TI (1 - Hp)ps-2) TI (1 - pS-l)}t(S)L(~, s - 1). 
'T ~ piN piN, 

The formulas (5.4), (5.5) and 
ao(E') = -L(E',O), v(N1 ) = NI . TI (1 - p-l), 

piN, 

teO) = -!, 
now lead easily to the desired formula. This proves (d) when N = N I N2. 

To complete the proof of (d) we proceed by induction on N. Let A be a positive 
integer divisible by NIN2 and I a prime. Suppose the result is known for N = A. We 
prove it for N = AI. Let f = fl(A), f' = f1(AI). 

Consider the two projections 

where 'TT is induced by the inclusion f' ~ f and 'TT/ is induced by the map f' ~ f 
given by y ~ (~ ?)y(~-' ?). These maps induce maps on cuspidal divisors 

.!'tl p 

7T * ~ '" 7T/ 
.!'tl r .!'tl r 

The Dirichlet characters fl, f2 define a character on T(A) and also one on T(AI) as 
in (4.13). We denote both of these characters by the same letter,1/;. 

LEMMA 5.2. Let d be a divisor of A/Nl such that N 2 1d. Then 
(a) 

if II(A/d), 
if I + (A/d). 
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(b) 
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iflld, 
if ltd. 

PROOF. Clearly each of these divisors is in P)r'( l/;). We will give the details of (a) 
only since (b) is similar. 

We have 

where the sum is over all k such that kI(AI/Nl) and N21k. The coefficients c(k) are 
given by 

where e( 'IT; [Ur') is the ramification index of 'IT at [11r' and r([11r) is the coefficient 
of [11r in Dr.d(l/;). Since r([11r) = 0 unless (k, A) = d, we have c(k) = 0 if k"* d 
and k "* dl. Moreover, r([~lr) = 1 and 

if II(A/d), 
if I t (A/d). 

The ramification indices are easily computed using the formula e( 'IT; x) = 
er,(x)/er(x). We obtain e('IT; [~lr') = I and for I t (A/d), e('IT; Ulr') = l. Thus 
c(d) = I and 

c(di) = {~l(l) if Ij(A/d), 
if I t (A/d). 0 

LEMMA 5.3. Let d be a divisor of A/Nl such that N21d. Let E E iff! such that 
8d E ) = Dr,d(l/;). Let 

E, ~ {:I( 1 - " ;/) (~ ~) ) 

rl(~ ~) 
E, ~ EI( (~ ~) _ e2~1)) 

if f1(A/d), 

if I t (A/d), 

if lid, 

if ltd. 

ifllA, 

if I t A, 
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and 

if IIA, 

if' + A. 

PROOF. This is a straightforward calculation using Lemma 5.2. We will give the 
details only for E l • 

Suppose 'IA. If 'KA/d), then 8r ,(El ) = 8r ,(E) = w*(Dr .d(1/1)) = lDr '.d(1/1) by 
Lemma 5.2(a). On the other hand if' + (A/d), then lid and 

*( ) El(l) *( ) 8r ,(El ) = w Dr.A 1/1) - -,-wI Dr. A 1/1) 

El (I) 
= (lDr'.A 1/1) + El{l)Dr'.dl( 1/1)) - -,-(lDr'.dl( 1/1)) 

= lDr ,A1/1)· 

Suppose' + A. Then 

* ( ) El (l) * ( ) 8 r ,(El )=w Dr.A1/1) --,-WI Dr.A1/1) 

El (') _ 
= (lDr'.A 1/1) + El{l)Dr'JA 1/1)) - -,-(lDr'JA 1/1) + E2 {l)Dr ,.A 1/1)) 

= '(1- ~~~) ) Dr ,.A1/1)· D 

The proof of Proposition 4.7(d) follows easily by induction from the case N = NIN2 
and Lemma 5.3. D 
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